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Abstract
Aquantummetrology protocol for parameter estimation is typically comprised of three stages: probe
state preparation, sensing and then readout, where the time required for the ﬁrst and last stages is
usually neglected. In the present workwe consider non-negligible state preparation and readout times,
and the tradeoffs in sensitivity that comewhen a limited time resource τmust be divided between the
three stages. To investigate this, we focus on the problemofmagneticﬁeld sensingwith spins in one-
axis twisted or two-axis twisted states.We ﬁnd that (accounting for the time necessary to prepare a
twisted state)no advantage is gained unless the time τ is sufﬁciently long or the twisting sufﬁciently
strong.However, we alsoﬁnd that the limited time resource is usedmore effectively if we allow the
twisting and themagnetic ﬁeld to be applied concurrently, which possibly represents amore realistic
sensing scenario.We extend this result into an optical setting by utilising the exact correspondence
between a spin system and a bosonic ﬁeldmode as given by theHolstein–Primakoff transformation.
1. Introduction
Quantummetrology utilises non-classical effects in order to enhance the precision towhichmeasurements can
bemade [1]. This hasmany potential applications inﬁelds as diverse as gravitational wave detection [2–4],
magnetometry [5] and biological sensing [6–9]. If quantummetrology is to become awidespread technology,
the theoreticalmodels should incorporate further,more realistic aspects of the system. In this paper, we consider
non-negligible state preparation and readout times, andwe investigate the tradeoffs in sensitivity when a limited
time resourcemust be divided between the various stages of a quantummetrology protocol.
A quantummetrology protocol is typically ordered into three stages: (i)Probe state preparation, inwhich
quantummechanical correlations are introduced to a system that will be used as a probe. Examples include the
generation of spin squeezed states [10] or of cat states [11, 12]. (ii) Sensing, inwhich the probe is subject to, and
consequently altered by, a parameter of interest. The quantummechanical correlations introduced in the
preparation stage increase the probe’s susceptibility to alterations caused by this parameter beyond classical
limits. (iii)Readout, inwhich aﬁnalmeasurement ismade on the altered probe state enabling estimation of the
parameter of interest.
The three stages of the protocol take a combined time τ. Usually, the state preparation and readout times are
assumed to be negligible, so that the total time τ can be devoted to the sensing stage. If the state preparation and
readout times are non-negligible, however, τ should be divided between the three stages [13, 14]. This leads to a
trade-off since, for example, toomuch time given to state preparation subtracts from the available time for
sensing, while too little time given to state preparationmay not allow enough time to generate themost sensitive
state.
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In this paperwe explore this problem in the context ofmagnetic ﬁeld sensingwith a probe consisting ofN
spin-1/2 particles.We compare three different strategies depicted inﬁgure 1. In schemeA, themagnetic ﬁeld is
probedwith a separable state of the spins, whichwe assume can be prepared and read out in a negligible time. In
schemeB, a non-negligible preparation time is used to generate a twisted (i.e., entangled) spin state [15], before
exposing it to themagnetic ﬁeld. Finally, in schemeC, we investigate whether the limited time resource τ can be
usedmore effectively by allowing the twisting operation and themagnetic ﬁeld to be applied simultaneously. By
a combination of numerical and analytical results, weﬁnd that schemeC is indeed amore effective use of the
limited time resource than schemeB. Comparing schemesB andC to schemeA, we alsoﬁnd that—taking the
non-negligible state preparation times into account—twisting gives no improvement in sensitivity unless the
total time resource τ is sufﬁciently long, or the twisting sufﬁciently strong. In section 2we consider schemes
where the entanglement is generated by two-axis twisting and theﬁnal readout is optimised over all possible
measurements. In section 3,motivated by the recent work ofDavis and co-workers [16], we consider an arguably
more realistic schemewhere the entanglement is generated by one-axis twisting (OAT) and the readout is by a
so-called echomeasurement. Conclusions are given in section 4.
2.Magneticﬁeld sensing and two-axis twisting
In this sectionwe consider our schemesA,B andC, illustrated in ﬁgure 1. Before describing each scheme in
detail, it is useful to introduce the collective spin operators s= åm m=ˆ ˆ ( )J iN i1 , where s m( )i are the Pauli spin
operators for the i’th spin-1/2 particle withμä{x, y, z}. Eigenstates of the sˆ( )z operator are denoted ñ∣ and ñ∣ .
Furthermore, we can deﬁne the raising and lowering operators = ˆ ˆ ˆJ J Jix y . As shown inﬁgure 1, in all three
schemeswe assume that the initial ‘unprepared’ probe state is the coherent spin state ñÄ∣ N and that the ﬁnal
state is y ñ∣ j ( jä{A,B,C}). For simplicity, in this sectionwe assume that theﬁnal readout of the state y ñ∣ j takes a
negligible amount of time.
To quantify themagnetic ﬁeld sensitivity of the scheme jä{A,B,C}, wemake use of the quantumCramer–
Rao inequality [17, 18] dw nF1j j . This gives an upper bound on the error δωj in estimating the parameter
ω=γB, whereB ismagnetic ﬁeld and γ is the spin gyromagnetic ratio. SinceB is proportional toω, the problem
of estimating theω is the same as the problemof estimating themagnetic ﬁeldBwhen γ is known. The quantum
Cramer–Rao bound holds for sufﬁciently large number of of repeats of themeasurement scheme ν. The quantity
Fj is the quantumFisher information, which aroundω≈0 is given by:
y y y y= á¶ ¶ ñ + á ¶ ñw w w w=[ ∣ ∣ ∣ ∣ ] ( )F 4 , 1j j j j j 2 0
where y y¶ ñ = ñw w
¶
¶∣ ∣j j .We can quantify the sensitivity by the dimensionless quantity
n tdw t-( ) ( )F , 2j j1
where the upper bound follows from the quantumCramer–Rao inequality. Equation (2) is validwhen ν?1
andwe note that if the ﬁnalmeasurement of the state y ñ∣ j is optimised, it is possible to saturate the inequality.
We nowdescribe schemesA,B andC in detail, and calculate the dimensionless sensitivity equation (2) in
each case.
Figure 1. In schemeA, themagneticﬁeld is applied over the entire time τ, by the operation twˆ ( )D . The spins remain in a separable
state throughout. In schemeB, the two-axis twisting operation ¢hˆ ( )S t generates a sensitive entangled state before exposure to the
magnetic ﬁeld through wˆ ( )D t . In schemeC the spins are subject to the operation ¢w hˆ ( )U t, (as deﬁned in section 2.3)which exposes
them to themagnetic ﬁeld during the twisting operation. Each scheme endswith ameasurement of theﬁnal state y ñ∣ i (iä{A,B,C}),
whichwe assume can be done in a negligible time. For a fair comparison, between the three schemes, each is constrained by the time τ.
2
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2.1. SchemeA
In schemeA, the initial state ñÄ∣ N evolves by amagnetic ﬁeld (in the y-direction) for the total time τ, giving the
ﬁnal state:
y tñ = ñw Ä∣ ˆ ( )∣ ( )D , 3A N
where t tº -w wˆ ( ) [ ˆ ]D Hexp i and w=wˆ ˆH J Ny . (Note that for later convenience theHamiltonian wHˆ has
been scaled by a factor of N1 .)The unitary twˆ ( )D causes a rotation of the ‘unprepared’ state around the y-axis
by an angle f wt= N , whereω is to be estimated. Clearly there is no entanglement between spins at any time
in this scheme. Calculating the quantumFisher information by equation (1) gives:
n tdw t =-( ) ( )F 1. 4A A1
This is the benchmark against whichwe compare the sensitivities of schemesB andC.
2.2. SchemeB
One of themain results in the ﬁeld of quantummetrology is that we can, in principle, improve on schemeA by
generating an entangled state of the probe before exposing it to themagnetic ﬁeld during the sensing period.
When the entangled state preparation and readout times can be neglected, this is known to give a large
improvement in the estimate ofω compared to schemeA. However, the extra time cost of preparing the
entangled state is usually not taken into account. In schemeBwe include the time required for state preparation.
One class of entangled states are two-axis twisted (TAT) states [15, 19]. In our schemeB, starting from the
initial state ñÄ∣ N , the spins evolve by the TAToperation ¢ = - ¢h hˆ ( ) [ ˆ ]S t t Hexp i for a state preparation time of
duration ¢t . Here h= -h - +ˆ ( ˆ ˆ )H J J Ni 2 2 is the two-axis twistingHamiltonian, which has been scaled by a factor
of 1/N for later convenience, and η is the twisting strength. For small h ¢t , this operation generates squeezed
states with a reduced standard deviation of the spin observable Jˆx [15, 19]. Such states are highly sensitive to spin
rotations around the y-axis, since only a small rotation is necessary to result in a state that is easily distinguishable
from the state prior to the small rotation. For larger values of h ¢t , two-axis twisting generates ‘over-squeezed’
states, including Schrödinger cat states. Over-squeezed states are also highly sensitive to spin rotations around
the y-axis and, if state preparation and readout times are neglected, can give sensitivity of the scaledmagnetic
ﬁeld at theHeisenberg limit n tdw =-( ) N1 . (Note that theHeisenberg limit is usually expressed as
δω−1∼N. However, here we have dw ~- N1 due to our scaling of theHamiltonian wHˆ by a factor of N1 .)
After the spins are prepared in the TAT state, they are exposed to themagnetic ﬁeld for a time t, resulting in a
rotation of the state around the spin y-axis by = -w wˆ ( ) [ ˆ ]D t tHexp i . Theﬁnal state is thus:
y ñ = ¢ ñw h Ä∣ ˆ ( ) ˆ ( )∣ ( )D t S t . 5B N
To ensure that the total time of schemeB is limited to τ, we have t¢ = -t t .We note that if t=τ, there is no
two-axis twisting and schemeB reduces to schemeA.
Since an exact analytic expression for the quantumFisher information FB is unknown, we calculate it
numerically. An examination of the parameters of schemeB shows that the dynamics are completely determined
by only three independent, dimensionless variables:N (the number of spins), t/τ (the fraction of the total
measurement time given to the sensing stage) and ητ (the totalmeasurement time τ in units of 1/η).We now
explore the sensitivity in this parameter space. Inﬁgure 2, the dashed orange lines show tFB as a function of
the sensing time t/τ for various choices of ητ andN.We notice that there are some values of ητ andN for which
schemeB gives no advantage over schemeA for any choice of sensing time t/τ (see ﬁgures 2(a)–(c)). In these
cases, the sensitivity of schemeB approaches that of schemeA only as t/τ→ 1 (i.e., as schemeB approaches
schemeA). This shows that two-axis twisting does not always give improvements in sensitivity, when a non-
negligible state preparation time is taken into account. However, for other values of ητ andN, it is clear that
schemeB does give improvements over schemeA, if the sensing time t/τ is carefully chosen (see ﬁgures 2(d)–(f)).
We can reduce the size of the parameter space and simplify the analysis by optimising over the sensing time
t/τ for each value of ητ andN. This optimisation is done numerically and the results are plotted against ητ in
ﬁgures 3(a) and (b), with the corresponding optimal sensing times (t/τ)opt plotted inﬁgures 3(d) and (e),
respectively. These plots show that schemeB gives no advantage over schemeA if ht 0.5, i.e., if the sensing
time τ is sufﬁciently short or the twisting strength η sufﬁciently weak. This conclusion follows from the
observation that for ht 0.5, the optimal sensing time is (t/τ)opt=1, i.e., the full time τ is devoted to sensing,
there is no two-axis twisting, and schemeB reduces to schemeA.
If ht  ¥ (themeasurement time is inﬁnitely long or the twisting is inﬁnitely strong), any squeezed or
over-squeezed state can be prepared in a negligible fraction of the total available time τ. Indeed,ﬁgures 3(a) and
(b) show that for ητ?1 the sensitivity approaches theHeisenberg limit, while ﬁgures 3(d) and (e) show that the
state preparation time becomes a small fraction of τ (since the optimal sensing time (t/τ)opt is close to, but not
equal to, unity).
3
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Although the analytic calculation of the quantumFisher information tFB is intractable for arbitraryN, it
is possible to calculate it in the limit  ¥N .We ﬁnd (see appendix for details) that:
t t
ht t¥ -⟶ ( )( )F t e . 6B
N
t2 1
Optimising equation (6) over the sensing time t/τ gives different answers depending onwhether ητ>0.5 or
ητ0.5. If ητ>0.5we have:
t htt
ht¥ -( ) ⟶ ( )F emax
2
, 7
t
B
N 2 1
t ht
¥( ) ⟶ ( )t 1
2
. 8
N
opt
If, however, ht 0.5wehave
t
t
¥( ) ⟶ ( )Fmax 1, 9
t
B
N
t ¥( ) ⟶ ( )t 1, 10Nopt
These quantities are plotted inﬁgures 3(c) and (f). Comparisonwith the sensitivity t =F 1A for schemeA
shows that, in the  ¥N limit, preparation of a squeezed state via schemeB gives an enhanced sensitivity only
if ητ>0.5. If ht 0.5, however, we have t ¥( ) ⟶t 1Nopt and thewhole of the available time τ should be used
for sensingwithout any squeezing (i.e., schemeB reduces to schemeA), in broad agreementwith the numerical
results forﬁniteN.
Figure 2.These plots show that for a sufﬁciently small value of ητ (e.g. ητ=0.4 in the upper plots), schemeB gives no improvement
over schemeA. For a sufﬁciently large value of ητ (e.g. ητ=4 in the lower plots), both schemeB and schemeC can give a better
sensitivity than schemeA (i.e., the two-axis twisting state preparation isworthwhile), if the sensing time t/τ is optimised.
Figure 3.Upper plots show the optimised sensitivity tt( )Fmaxt i as a function of ητ, and the lower plots show the corresponding
optimal sensing times, (t/τ)opt. Comparison of schemes reveals that schemeB gives no advantage over schemeA for ht 0.5. Scheme
C, however, does better than schemeA for all values of ητ, although the advantage vanishes as ητ→0.
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2.3. SchemeC
During the state preparation stage in schemeB, the probe is not exposed to themagnetic ﬁeld. This begs the
question: can the limited time resource τ be usedmore efﬁciently by applying themagnetic ﬁeld during the spin
squeezing operation? Thismotivates our schemeC, which is plotted schematically inﬁgure 1(C).We note that
schemeC also describes a possiblymore realistic scenario where themeasuredmagnetic ﬁeld cannot be switched
off during the state preparation stage of the protocol.
First, the TAT and themagnetic ﬁeld are applied simultaneously for a time ¢t , so that the initial state evolves
by the unitary transformation ¢ º - ¢ +w h w hˆ ( ) [ ( ˆ ˆ ) ]U t t H Hexp i, , where
 w h+ = + -w h - +ˆ ˆ ˆ ( ˆ ˆ )H H J N J J Niy 2 2 is the sumof the TATHamiltonian and themagnetic ﬁeld
Hamiltonian. Following this, we switch off the TATHamiltonian and allow the spins to evolve in themagnetic
ﬁeld for a time t, resulting in an evolution operator wˆ ( )D t . Theﬁnal state is thus:
y ñ = ¢ ñw w h Ä∣ ˆ ( ) ˆ ( )∣ ( )D t U t . 11C N,
Again, to ensure that the total time is limited to τ, we have t¢ = -t t . Also, if t=τ, there is no two-axis twisting
and schemeC reduces to schemeA.
As in schemeB, the analytic calculation of the quantumFisher information FC is intractable, sowe calculate
it numerically. The solid green lines inﬁgure 2 show the dependence of tFC on the sensing time t/τ.We see
that schemeC can give better sensitivity than schemeA, even in parameter regimeswhere schemeB gives no
advantage over schemeA (see ﬁgures 2(a)–(c)). In such cases, applying the two-axis twisting and themagnetic
ﬁeld simultaneously is amore effective use of the limited time resource τ than applying them separately (as in
schemeB) orwithout any twisting at all (as in schemeA).
We can numerically optimise the sensitivity tFC over the sensing time t/τ. This is plotted in the solid
green lines inﬁgures 3(a) and (b), with the corresponding optimal sensing times (t/τ)opt plotted inﬁgures 3(d)
and (e), respectively. It appears that schemeC outperforms schemesA andB for all values of ητ, with the
sensitivities of all three schemes converging to t F 1as ht  0. Also, we see that for small values of ητ, the
optimal sensing time for schemeC is (t/τ)opt=0, i.e., the two-axis twisting and themagnetic ﬁeld should be
applied simultaneously throughout the protocol. This indicates that, contrary to schemeB, the twisting
dynamics in schemeC plays a positive role for all possible values of the total time τ, the twisting strength η and
number of spinsN>1.
As for schemeB, it is possible to calculate an analytic expression for the quantumFisher information tFC
in the  ¥N limit.Weﬁnd (see appendix for details) that:
t t ht ht+ -
ht t¥ -⎛
⎝⎜
⎞
⎠⎟⟶ ( )
( )F
t 1
2
e
1
2
. 12C
N
t2 1
Optimising over the sensing time t/τ gives:
t ht -t
ht¥( ) ⟶ ( ) ( )Fmax 1
2
e 1 , 13
t
C
N
2
t ¥( ) ⟶ ( )t 0, 14Nopt
as plotted inﬁgures 3(c) and (f), respectively. Calculating the ratio


t
t
ht
ht ht
- >
-
t
t
ht
ht
¥
-⎧
⎨⎪
⎩⎪
⎫
⎬⎪
⎭⎪
( )
( )
⟶
( )
( )
( )
F
F
e
max
max
1 e if 0.5
1
2
e 1 if 0.5
1, 15
t C
t B
N
2
2
shows that, in the  ¥N limit, schemeC performs just as well as, or outperforms, schemeB for all values of ητ.
Here, the largest enhancement
t
t »
t
t
¥( )
( )
⟶ ( )F
F
e
max
max
2.7, 16
t C
t B
N
is achieved as ht  ¥. Interestingly, from equation (14)we also see that for all values of ητ the optimal strategy
is to have the twisting and themagnetic ﬁeld operating simultaneously throughout the protocol which again, is
consistent with our results forﬁniteN.
3.Magneticﬁeld sensing andOAT
In the previous sectionwe have illustrated the importance of taking state preparation times into account with the
example of two-axis twisting. In practice, however, two-axis twisting is difﬁcult to generate. Also, the optimal
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measurement thatwas assumed at the readout stagemay be difﬁcult to implement in practice, particularly for
states that are over-squeezed. In this sectionwe consider two new schemes ¢B and ¢C (illustrated inﬁgure 4),
which aremodiﬁcations of schemesB andC of the previous section and are likely to bemore feasible in practice.
The new schemes employOAT instead of two-axis twisting in the state preparation stage [19]. OAThas been
implemented experimentally in cold atoms [20], atomic vapour-cells [21] andBose–Einstein condensates
[22, 23], for example. For readout,motivated by the recent work ofDavis and co-workers [16], we use an ‘echo’
readout protocol. In general, an echo readout applies the inverse of the state preparation operation after the
sensing stage, in order to simplify theﬁnalmeasurement [24] and to increase robustness againstmeasurement
detection noise [16, 25, 26]. Suchmeasurements have been implemented in several recent experiments [25, 27].
However, going beyond previous studies of echomeasurements in quantummetrology, we investigate the
tradeoffs in sensitivity when a limited time resourcemust be divided between non-negligible state preparation
and readout times and the sensing.
3.1. Scheme ¢B
In our scheme ¢B , starting from the initial state ñÄ∣ N , the spins are squeezed by theOAToperation
¢ º - ¢c cˆ ( ) [ ˆ ]T t t Hexp i , where c=cˆ ˆH J Nx2 is theOATHamiltonian,χ is the spin squeezing strength and ¢t
is the state preparation time. Similar to TAT,OAT generates spin squeezed states for short state preparation
times and over-squeezed states (such as Schrödinger cat states) for longer state preparation times. After the spins
are prepared in the twisted state, they are exposed to themagnetic ﬁeld for a time t, resulting in a rotation of the
state around the spin y-axis by = -w wˆ ( ) [ ˆ ]D t tHexp i . For readout, we use an echomeasurement. An echo
measurement applies the inverse of the state preparation operation after the sensing stage, in order to simplify
theﬁnalmeasurement. Since, in our case, the state preparation is theOAToperation ¢cˆ ( )T t , we apply the inverse
operation ¢ = ¢c c-ˆ ( ) ˆ ( )†T t T t , after the sensing stage. Theﬁnal state is thus:
y ñ = ¢ ¢ ñc w c¢ - Ä∣ ˆ ( ) ˆ ( ) ˆ ( ) ∣ ( )T t D t T t . 17B N
To ensure that the total time of scheme ¢B is limited to τ, we have t¢ = -( )t t 2. Finally, after the echo, we
measure the collective observable Jˆy . By the propagation of error formula, the error in the estimate of a small
frequencyω is:
dw n=
D
¶ á ñw w
¢
=
ˆ
ˆ ( )
J
J
1
, 18B
y
y 0
where D =w=∣ ˆ ∣J N 2y 0 is the standard deviation of themeasured operator Jˆy in the state y ñ¢∣ B , and (see
appendix for details of the calculation):
q q¶á ñ = -w w= -∣ ˆ ∣ ( ) ∣ ( ) ( )∣ ( )J t N N t t1
2
sin cos , 19y N0 2
where á ñJˆy is the expectation value and θ(t)=χτ(1−t/τ) / (2N). Substituting into equation (18) gives an
expression for dw ¢B , which in turn can be used to calculate the dimensionless sensitivity
n tdw t q q= -¢ - -( ) ( )( )∣ ( ) ( )∣ ( )t N t t1 sin cos . 20B N1 2
From equation (20) it is straightforward to see that n tdw ¢ -( )B 1depends on only the three dimensionless
variablesN, t/τ andχτ. Inﬁgure 5, we plot n tdw ¢ -( )B 1 as a function of the sensing time t/τ for various choices
ofχτ andN (the dashed orange lines).We see that, depending on the values ofχτ andN, there is a t/τ that
optimises the sensitivity. This optimisation is done numerically and the results are plotted againstχτ inﬁgure 6
Figure 4. In scheme ¢B , the one-axis twisting operation ¢cˆ ( )T t generates a spin squeezed state before exposure to themagnetic ﬁeld
through wˆ ( )D t . The ‘echo’ (anti-squeezing) operation ¢ = ¢c c-ˆ ( ) ˆ ( )†T t T t is applied before theﬁnalmeasurement. In scheme ¢C the
spins are exposed to themagnetic ﬁeld during theOAT and echo operations. For a fair comparison, each protocol is constrained by the
time τ.
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(the dashed orange line) showing that scheme ¢B behaves in a similar fashion to the analagous TAT schemeB in
that it is not always guaranteed to give sensitivity gains relative to schemeA. For example, forN=10wemust
have ct 11.5, for scheme ¢B (the dashed orange line) to outperform scheme ¢A (the dotted blue line). This
indicates that if the totalmeasurement time τ is too short, or the squeezing strengthχ is tooweak, the limited
time resource is usedmore effectively by devotingmore time to probing themagneticﬁeld and less time to spin
squeezing. ForN=100 the threshold for scheme ¢B to outperform schemeA is ct 8.2, a lower value than for
N=10 (see ﬁgure 6(b)). This suggests that asN increases, it becomes possible to beat scheme ¢A with a smaller
value ofχτ. Belowwewill see that as  ¥N this threshold value saturates atχτ>8.
Toﬁnd the sensitivity for scheme ¢B in the  ¥N limit, we can simply take the  ¥N limit of
equation (20).Weﬁnd:
n tdw c tt
-
¢ -
¥( ) ⟶ ( ) ( )t t
2
. 21B
N
1
Unlike the ﬁniteN case where numerical optimisationwas necessary, we can easily optimise equation (21) to
ﬁnd the analytic expression:
n tdw ct t
t
¢ -
¥ ¥( ) ⟶ ( ) ⟶ ( )tmax
8
,
1
2
. 22
t
B
N N
1
opt
Figure 5.These plots show that for a sufﬁciently small value ofχτ (e.g.χτ=4 andN=10), schemeA gives a better sensitivity than
scheme ¢B and scheme ¢C . For a sufﬁciently large value ofχτ (e.g.χτ=50 andN=10 orN=100), both scheme ¢B and scheme ¢C
give a better sensitivity than schemeA, i.e., the spin squeezing is worthwhile.
Figure 6.Upper plots show the optimised sensitivity n tdwt -( )maxt 1 as a function ofχτ. These plots are optimised over time but
not overmeasurements in contrast to ﬁgures 2 and 3which are optimised over both. Comparison of schemes reveals that when
N=10 schemeA outperforms scheme ¢B for ct 11.5 and scheme ¢C for ct 5. These threshold values decrease for largerN.
For very largeχτ, the sensitivities of schemes ¢B and ¢C converge. The lower plots show the optimal sensing time (t/τ)opt as a function
ofχτ.
7
QuantumSci. Technol. 3 (2018) 035007 A JHayes et al
Comparisonwith the sensitivity n tdw =-( ) 1A 1 for schemeA shows that preparation of a twisted state via
scheme ¢B is worthwhile only ifχτ>8. Ifχτ<8, however, scheme ¢B gives aworse sensitivity than schemeA,
since the time cost of preparing the twisted state outweighs any beneﬁts of twisting. Since t ¥( ) ⟶t 1 2Nopt we
also conclude that scheme ¢B is optimised by using half of the total available time τ for sensing, and a quarter
each, t¢ ¥( ) ⟶t 1 4Nopt , for preparation of the squeezed state and the echo readout.
3.2. Scheme ¢C
In analogywith schemeC for TAT, in scheme ¢C we suppose that during the state preparation stage theOAT and
themagneticﬁeld are applied simultaneously, so that the initial state evolves by the unitary transformation
¢ º - ¢ +w c w cˆ ( ) [ ( ˆ ˆ ) ]V t t H Hexp i, , where  w c+ = +w cˆ ˆ ˆ ˆH H J N J Ny x2 . Following this, we switch off
theOAT and allow the spins to evolve in themagnetic ﬁeld for a time t, resulting in an evolution operator wˆ ( )D t .
Finally, we implement the echo readout by reversing theOAT component (but not themagnetic ﬁeld
component) of the state preparationwith the operation ¢w c-ˆ ( )V t, . Theﬁnal state is thus:
y ñ = ¢ ¢ ñw c w w c¢ - Ä∣ ˆ ( ) ˆ ( ) ˆ ( )∣ ( )V t D t V t . 23C N, ,
Again, to ensure that the total time is limited to τ, we have t¢ = -( )t t 2. As in scheme ¢B , wemeasure the
collective observable Jˆy , giving the error:
dw n=
D
¶á ñw w
¢
=
ˆ
ˆ ( )
J
J
1
. 24C
y
y 0
Atω=0 the standard deviation in the numerator is just that of the initial state, D =w=∣ ˆ ∣J N 2y 0 .
However, the denominator cannot be easily calculated analytically, sowe pursue a numerical approach. Figure 5
shows the dependence of the dimensionless sensitivity n tdw ¢ -( )C 1on the sensing time t/τ for scheme ¢C (the
solid green lines). After optimising over the sensing time t/τ, as depicted inﬁgure 6, it becomes apparent that
scheme ¢C (the solid green line) always outperforms scheme ¢B . Additionally, it is also clear from ﬁgure 6, that
scheme ¢C gives an advantage over schemeA for awider range of values ofχτ than does scheme ¢B .When
N=10, for example, scheme ¢C beats schemeA if ct 5, compared to ct 11.5 for scheme ¢B (see
ﬁgure 6(a)).
We now analyse scheme ¢C in the  ¥N limit. ForﬁniteN, due to the difﬁculty of analytic calculationwe
found the sensitivity numerically (as shown in the solid green lines ofﬁgures 5 and 6). However, in the  ¥N
limit it is possible to derive the analytic expression (see appendix for details):
n tdw ct t-¢ - ¥( ) ⟶ ( ) ( )t
4
1 . 25C
N
1 2 2
Optimising over the sensing time t/τ gives:
n tdw ct t
t
- ¥ ¥( ) ⟶ ( ) ⟶ ( )˜ tmax
4
, 0, 26
t
C
N N
1
opt
a factor of 2 improvement on the sensitivity over the corresponding  ¥N version of scheme ¢B . Squeezing
via scheme C˜ gives a better sensitivity than schemeA provided thatχτ>4, but aworse sensitivity ifχτ<4.
Also, we note that in agreementwith the  ¥N limit of the TAT schemeC in the previous section, the optimal
sensitivity for scheme ¢C is achieved for t ¥( ) ⟶t 0Nopt , so that the twisting andmagnetic ﬁeld should both be
operating at all times in the protocol.
4. Conclusions
It is a well known result in the ﬁeld of quantummetrology that preparation of an entangled probe state before
sensing can, in principle, give a factor of N enhancement over the optimal sensitivity with separable states.
However, it is usually assumed that state preparation and readout times are negligible. In this paperwe have
shown that when the total available time τ is a limited resource, entangled state preparation is not always
worthwhile when non-negligible state preparation and readout times are taken into account. In particular, for
magnetic ﬁeld sensingwith twisted states, it ismore advantageous to devote all of the available time to sensing if
the twisting strength is sufﬁciently weak, or the total available time sufﬁciently short. However, in the case where
the twisting is strong enough that entangled state preparation is worthwhile, we have also shown that amore
effective use of time is to ‘blend’ the state preparation, sensing and readout stages by allowing the twisting
dynamics and themagnetic ﬁeld to operate concurrently. This also corresponds to the (possiblymore realistic)
scenariowhere themagnetic ﬁeld cannot be switched off during the state preparation and readout.
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Weemphasise that the starting point in all of our schemes is the easily prepared separable state ñÄ∣ N . This is
in contrast to similar works [28–30] that derive ultimate precision limits assuming the optimal initial state, but
without taking account of the time necessary to prepare this (usually entangled) optimal state.
By a combination of analytics and numerics, our results cover a broad range of parameters, from smallN to
 ¥N .We note that by theHolstein–Primakoff transformation [31] (see appendix), there is an exact
correspondence between a spin system in the  ¥N limit, and a bosonic ﬁeldmode (the ‘bosonic limit’). This
extends our results into a settingwhere, instead ofmagnetic ﬁeld sensingwith a twisted state of spins, we are
sensing the displacement of a bosonic (e.g. optical)ﬁeldmodewith squeezed states.
We note that an important assumption in this paper is that the total available time τ is a limited resource. In
practice this limit could be enforced, for example, by decoherence, by the stability of our equipment or by the
fact that the quantity wewant tomeasure is rapidly changing. Futurework could include the effects of
decoherence in the state preparation, sensing and readout stages. Further work could also include investigation
into the experiment demonstrated by Penasa et al [32] inwhich an echomeasurement protocol is employed to
estimate the amplitude of a small displacement acting on a cavity ﬁeld. The notable difference in the scheme of
Penasa and the schemes analysed here is that execution of preparation and readout takes the formof atom-cavity
interactions in order to create, and undo the creation of, optical cat states.
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Appendix. The bosonic (  ¥N ) limit
TheHolstein–Primakoff transformations [31] allow us tomap theN-spin system in the  ¥N limit to a
bosonicﬁeldmode.We have:
=
¥
-˜
ˆ
( )a J
N
lim , 27
N
=
¥
+˜
ˆ
( )†a J
N
lim , 28
N
ñ = ñ
¥
Ä∣ ∣ ( )0 lim , 29
N
N
where ˜ ˜†a a, are the bosonic annihilation operators which obey the bosonic commutation relation =[ ˜ ˜ ]†a a, 1,
and ñ∣0 is the bosonic vacuum state. By taking the  ¥N limit of all operators and states in schemesA,B,C, ¢B
and ¢C we can thus use equations (27)–(29)ﬁnd the corresponding operators for sensing schemeswith a bosonic
mode as the probe system. For instance the spin rotation operator twˆ ( )D becomes, after the  ¥N limit, the
bosonic displacement operator
t tº =w w tw¥
-˜ ( ) ˆ ( ) ( )( ˜ ˜ )†D Dlim e , 30
N
a a 2
where, to avoid confusionwith spin operators, a tilde above an operator denotes a bosonicmode operator and,
again,ω is the parameter to be estimated.Here, the parameterω could be, for example, a weak classical force
acting on an harmonic oscillator [12, 33], or an electric ﬁeld applied to an opticalﬁeldmode in a cavity. Similarly,
the  ¥N limit of the TAToperator is the bosonic quadrature squeezing operator
¢ º ¢ =h h h¥
¢ -˜ ( ) ˆ ( ) ( )( ˜ ˜ )†S t S tlim e . 31
N
t a a2 2
Also,
¢ º ¢ =w h w h w h¥
¢ - + ¢ -˜ ( ) ˆ ( ) ( )( ˜ ˜ ) ( ˜ ˜ )† †U t U tlim e . 32
N
t a a t a a
, ,
2 2 2
These squeezing operations hS˜ and w hU˜ , can be implemented in optical systems, for example, via parametric
down conversion in nonlinear crystals [34–36].
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A.1.Deriving tFB in the  ¥N limit (equation (6))
Applying the deﬁnition of the quantumFisher information, equation (1), to the state
y ñ = ¢ ñw h¥ ∣ ˜ ( ) ˜ ( )∣ ( )D t S tlim 0 , 33N B
andmaking use of the identity h h¢ ¢ = ¢ - ¢h h˜ ( ) ˜ ˜ ( ) ˜ ( ) ˜ ( )† †S t aS t a t a tcosh 2 sinh 2 [34], weﬁnd that
n tdw t t=
ht t- -( ) ( )˜ ˜ ( )F t e . 34B B t1 2 1
A.2.Deriving tFC in the  ¥N limit (equation (12))
Applying the deﬁnition of the quantumFisher information in equation (1) to the state
y ñ = ¢ ñw w h¥ ∣ ˜ ( ) ˜ ( )∣ ( )D t U tlim 0 , 35N C ,
and using the expansion = + + + ¼- [ ] [ [ ]]!e Ye Y X Y X X Y, , ,X X
1
2
, weﬁnd that
n tdw t t ht ht= + -
ht t- -⎛
⎝⎜
⎞
⎠⎟( ) ( )˜ ˜
( )F
t 1
2
e
1
2
. 36C C t1 2 1
A.3.Deriving equation (19)
Herewe follow the derivation given in [16]. Using the expression for y ñ¢∣ B in equation (17), one can show that
¶ á ñ = á  ¢ ¢ ñw w c c= Ä - Ä∣ ˆ ∣ ∣ [ ˆ ( ) ˆ ˆ ( ) ˆ ] ∣ ( )J t
N
T t J T t J
i
, , 37y N y y N0
where y yá ñ = á ñ¢ ¢ˆ ∣ ˆ ∣J Jy B y B . The operator in the commutator can be expressed as:
¢ ¢ = - +
= -
+
c c c c
p c
c p
- ¢ + - - ¢
- ¢ - +
- ¢ - -
⎜ ⎟⎛⎝
⎞
⎠
⎡
⎣⎢
⎤
⎦⎥
ˆ ( ) ˆ ˆ ( ) ˆ ˆ
ˆ
ˆ ( )
ˆ ˆ
ˆ ( ˆ )
( ˆ ) ˆ
T t J T t J J
J
J
e
i
2
i
2
e
e
i
2
e
i
2
e e . 38
y
t J N t J N
J t J N
t J N J
i i
i 2 i 2 1
i 2 1 i 2
x x
y z
z y
2 2
Substituting back into the expression for ¶ á ñw w=∣ ˆ ∣Jy 0 above gives a long expression containing expectation values
of the sort:
á+ + ñcÄ - - ¢ Ä∣ ˆ ∣ ( )ˆJ e , 39N t J N2 2i z
for example, where +ñ = ñpÄ Ä∣ ∣ˆeN J Ni 2y . Such expectation values can be calculated by differentiating the
generating function given in the appendix of [37]. For example, in [37] it was shown that:
a b g º á+ + ñg b aÄ Ä- +( ) ∣ ∣ ( )ˆ ˆ ˆX , , e e e 40A N J J J Nz
a g= + + +b b-⎡⎣⎢
⎤
⎦⎥( )( ) ( )
1
2
e
1
2
e 1 1 . 41
N
2 2
Equation (39) is then calculated as:
g
c
á+ + ñ = ¶¶
= - ¢
c
a g
b c
c
Ä - - ¢ Ä = =
=- ¢
-
- ¢⎜ ⎟
⎡
⎣⎢
⎤
⎦⎥
⎛
⎝
⎞
⎠
∣ ˆ ∣
( ) ( )
ˆJ X
N N t
N
e
1
4
cos e . 42
N t J N
A
t N
N
t N
2 2i
2
2 0
2i
2
2i
z
Using this procedure on all terms leads to the ﬁnal expression:
q q¶ á ñ = -w w= -∣ ˆ ∣ ( ) ∣ ( ) ( )∣ ( )J t N N t t1
2
sin cos . 43y N0 2
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A.4.Deriving equation (25)
In the  ¥N limit theﬁnal state at the end of scheme ¢C is:
y ñ = ¢ ¢ ñw c w w c¥ ¢ -∣ ˜ ( ) ˜ ( ) ˜ ( )∣ ( )V t D t V tlim 0 , 44N C , ,
where
¢ º ¢w c w c¥˜ ( ) ˆ ( ) ( )V t V tlim 45N, ,
w c= ¢ - - ¢ +[ ( ˜ ˜ ) ( ˜ ˜ ) ] ( )† †t a a t a aexp i 462
is found by application of theHolstein–Primakoff transformations. Deﬁning = - +˜ ˜ ˜†P a ai i , it is straightfor-
ward to calculate D =w=∣ ˜ ∣P 10 , whereDP˜ is the standard deviation of P˜ in the state y ñ¥ ¢∣limN C . Next, by
repeated use of the expansion = + + + ¼- [ ] [ [ ]]!e Ye Y X Y X X Y, , ,X X
1
2
, weﬁnd that the expectation value
of P˜ is t cwá ñ = -˜ ( )P t1
4
2 2 . Now, since
dw n=
D
¶ á ñw w¥
¢
=
˜
˜ ( )
P
P
lim
1
, 47
N
C
0
we can substitute the expressions above toﬁnd:
n tdw ct t= --( ) ( ) ( )˜ t
4
1 . 48C 1 2 2
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